We study the Levin-Wen string-net model with a ZN type fusion algebra. Solutions of the local constraints of this model correspond to ZN gauge theory and double Chern-Simons theories with quantum groups. For the first time, we explicitly construct a spin-(N − 1)/2 model with ZN gauge symmetry on a triangular lattice as an exact dual model of the string-net model with a ZN type fusion algebra on a honeycomb lattice. This exact duality exists only when the spins are coupled to a ZN gauge field living on the links of the triangular lattice. The ungauged ZN lattice spin models are a class of quantum systems that bear symmetry-protected topological phases that may be classified by the third cohomology group H 3 (ZN , U (1)) of ZN . Our results apply also to any case where the fusion algebra is identified with a finite group algebra or a quantum group algebra.
I. INTRODUCTION
The classification of possible phases of matter is central to the study of condensed matter physics. Until very recently different phases of matter have been associated with symmetry breaking, which can be very succinctly described in the paradigm of Landau's effective theory. Important leaps in our understanding come about when it is realized that new phases of matter can arise even as no symmetry breaking is involved.
It is therefore very important to give a systematic survey of these states of matter, and ideally, provide a complete classification of them.
Very broadly speaking, gapped quantum phases of matter can be divided into two classes: namely those involving long range entanglement (LRE) and those involving only short range entanglement (SRE). When symmetries are present, SRE displays a myriad of phases. For example Landau's paradigm of spontaneous symmetry breaking belongs to the class of SRE. When symmetries are unbroken, there are also distinct phases of matter, often termed the symmetry protected topological (SPT) phases. Their classification in terms of group cohomology is recently given in Ref 1 . On the other hand, the LRE phases of matter are examples that realize topological order, in which they display features such as robust ground state degeneracies, non-Abelian statistics of quasi-particle excitations, and in many cases protected edge excitations. The classic examples of these phases include the (fractional) quantum Hall states and chiral spin liquids. There is a very general framework supplying exactly solvable models that incorporates a large class of LRE phases, notably those preserving time-reversal symmetry. This is called the string-net models 2 , and it has been known that the tensor category theory is the mathematical framework that underlies these models.
Very recently, a connection is discovered between a specific SPT phase, namely an Ising spin model with Z 2 symmetry, and a LRE phase described by a string net model 3, 4 . In particular in the construction in 4 it is found that when the Z 2 symmetry of the spin model is gauged, it admits a dual description in terms of a string net model whose fusion rules are given exactly by Z 2 . It was conjectured that for a general SPT phase with discrete symmetry G, by gauging G it admits a string net dual description with fusion rules also given by the product rule of G.
In this paper, by studying the explicit examples of string-net models with Z N type fusion algebra, we construct such a map between the string net models and the gauged SPT model. Although our construction is based on Z N fusion algebra, it is immediately applicable to more general discrete groups G. This implies that the classification of SPT phases provided by group cohomology in 2+1 dimensions via H 3 (G, U (1)) described in Ref 1 indirectly provide classifications of the corresponding string net models. We support this claim also by studying the rescaling redundancy of the 6j symbols that characterize a given string net model. We find that when the fusion rules coincide with the product rule of a group G, the 6j symbols can be interpreted as a 3-cocycle and that their rescaling redundancy can be understood as an equivalence between these 3-cocycles up to a co-boundary in the context of group cohomology 19 . Therefore these 6j symbols admit a classification by H 3 (G, U (1)), coinciding with that of the dual SPT phases.
Our paper is organized as follows. We begin in section II with a review of the basic ingredients of the string net models. In section III we revisit the rescaling redundancy of the 6j symbols and point out its relationship with group cohomology. In section IV, we study stringnet models with Z N type fusion algebra in greater details, and collect a number of useful facts about them. Some further details and the explicit forms of 6j symbols corresponding to Z N fusion algebra of various N are relegated to the appendix. In section V, we construct the explicit map between the string-net models with Z N fusion algebra and the corresponding gauged SPT model, generalizing the construction proposed in 5 . We note that the relationship between these SPT phases and the stringnet models are explored via a different route also in 6 . Finally we conclude in section VI and point to several open problems.
II. REVIEW OF THE FUNDAMENTALS
In this section, we review the fundamentals of stringnet models by collecting the basic ingredients, in the hope that those who are new to this area may still find this paper accessible.
Levin-Wen string-net model is known as the Hamiltonian formulation of the Turaev-Viro model [7] [8] [9] [10] . As such, at the level of ground states, these two models are equivalent. String-net models are usually defined on the honeycomb lattice, which is also the convention we take in this paper. A string-net model is actually a family of models characterized by a triple {H, N, F N }, where H is the Hamiltonian, N the number of string types, which does not count the trivial string type 0 that is always present in the model, and F N is the fusion algebra over the (N + 1) string types. The Hamiltonian is supposed to be exactly soluble. First of all it enforces the fusion rules F N dynamically so that states containing vertices where different string types meet and yet violate F N are separated from those satisfying F N by a large gap. Such F N violating vertices are thus entirely excluded in the low energy limit. Secondly the Hamiltonian favors its ground state, albeit with a smaller gap, wave functions that can be interpreted as the fixed-point wave functions of certain IR renormalization flow. Hence, these wave functions appear to be the same at all length scales and as such must satisfy certain local constraints, which are to be presented shortly. We shall delay further discussion of the Hamiltonian but dwell on the other two elements in the tuple first.
String degrees of freedom reside on the edges of the honeycomb lattice. In the most general setting, the N +1 string types are merely abstract numbers. In the cases that have been so far studies, they either label the group elements of certain finite group 11 or the irreducible representations of a finite (quantum) group 2 . In the former case, the string type 0 labels the identity of the group, while in the latter the trivial representation. Generally speaking, the input data of a string-net model is the fusion algebra F N of the N + 1 string types, denoted by 0, 1, . . . , i, . . . , N , which takes the following form.
where N k ij is the multiplicity of the string type k that appears in the direct-sum decomposition of the tensor product i ⊗ j. If we define N ijk = N k * ij , where k * denotes the conjugate of string-type k, then N ijk is the number of occurrences of the trivial string type in the product i ⊗ j ⊗ k. Note that the fusion algebra is in general noncommutative if it is a group algebra but commutative if its elements are representations of a (quantum) group. In this paper, however, we focus on the cases where the string types label the irreducible representations of certain finite group or quantum group. A situation often encountered is that the fusion algebra coefficients satisfy N ijk = δ ijk , where δ ijk = 1 if i ⊗ j ⊗ k = 0 and otherwise δ ijk = 0, such that the fusion algebra can be identified with certain Abelian groups. We should emphasize that this is true for Abelian groups, but not in general. The fusion algebra of Z N type falls in this class, and is what we shall consider in this paper from now on. As such, there exists a unique notion of conjugate string type: If i ⊗ j = 0, we say that j is the conjugate string type of i and write j = i * . The string type i is called selfconjugate if i = i * . We now visualize the fusion algebra i ⊗ j = k * on the honeycomb lattice. Fig. 1 shows a vertex of the honeycomb lattice. An edge A of the lattice is graced with a string type s a and endowed with an orientation, specified by an arrow. Such a string of type s a can also be represented by a flipped arrow, but with the conjugate string type s * a . The string-net wave function satisfies the local constraints listed below.
where the gray blocks in the first two rows represent the rest of the string-net, and all other graphs in the wave functions are understood as subgraphs of the string net. More accurately speaking, Φ is the weight of the configuration in the ground-state wave function of the Hamiltonian H. However we will keep to the terminology in 2 and refer to Φ loosely as the wavefunction. The motivations and meanings of these local rules are in order: Eq. (2a) reads that the string-net wave function is invariant under local, continuous deformation; Eq. (2b) implies that a loop disconnected from the string net contributes only a scaling constant-the quantum dimension-to the wave function. Eq. (2c) is a motivated by the physical intuition that the bubble is not observable at large scale; Eq. (2d) is the crossing symmetry , which is an ansatz motivated by Conformal Field Theory. Another property of a string-net wave function is that it is invariant under the addition of an edge with string type s = 0 that connects any two edges in the string-net. This property and Eq. (2c) implies that any tadpole in a string-net is equivalent to the case on the LHS of Eq. (2b). The 6j symbols F ijm kln satisfy the following relations.
and
We refer interested reader to 9 for a more detailed introduction to the 6j symbols and their place in representation theory. The second and third relations are the tetrahedral symmetry, and the pentagon identity respectively. The first relation comes from a rescaling redundancy of the wave function which we shall explain in more detail in the next sub-section.
Equations (3) may admit many solutions. Each such solution up to the rescaling redundancy to be elaborated in Section III is believed to yield a distinct stringnet model in the family specified by {H, N, F N }. We thus denote a single string-net model by the quadruple
where [F ] is set of equivalent solutions to Eqs. (3).
We also note that in the third equality in the tetrahedral symmetry relations, the symmetry involves swapping the first two columns of the 6j-symbols descends from the reflection symmetry of the tetrahedron. It has been argued that this relation might be too strong and potentially exclude physically viable and interesting solutions. Nonetheless, we will in this paper for simplicity retain this as part of the symmetry of the 6j symbols.
It is often convenient to do computations in terms of the symmetric 6j symbols G ijm kln , defined by
because G ijm kln is manifestly symmetric under tetrahedral transformation, seen as follows along with two other relations corresponding to those in Eq. (3).
Taking values r = 0, r = l, and j = k * , Eq. 5c leads to an orthogonality relation (also called a 2G relation):
Hereafter, we shall simply refer to the 6j symbols F Since we will be primarily focusing on the models with Z N fusion algebra, we postpone the introduction of the magnetic flux operators and the string-net Hamiltonian for later after a close look at the 6j symbols of Z N type fusion algebra in Section IV. For our convenience, we shall denote the Z N type fusion algebra by F ZN .
III. A NOTE ON GROUP COHOMOLOGY CLASSIFICATION OF 6j-SYMBOLS
It was noted in Ref 12 that there is a rescaling symmetry that preserves the pentagon identity. The idea is that for each given wave function, a rescaling of each of the vertices A by a phase factor f iA jA kA , where i A , j A , k A are the three in-going string states connected to the vertex, does not lead to new physics. In other words, the rescaling that takes Φ toΦ, i.e.,
where A denotes the vertices of the string-net that Φ describes, is a redundancy of the model. The correspondingF symbols that describe crossing relations between theΦ (see Eq. (2d)) is thus related to the original F symbols bỹ
One can easily check that this rescaling preserves the pentagon identity, provided that f ijk is symmetric under cyclic rotation of the indices. Let us pause here and remark about the connection of the rescaling redundancy with group cohomology. When the fusion rules are such that the product of irreps forms a group G, the fusion rules dictate that at a non-vanishing vertex A where the string states satisfy i A ⊗ j A ⊗ k A = 0. Therefore, one can think of k A as determined by i A and j A , and thus f iAjAkA is a map f : G 2 → U (1). Similarly, there are three independent constraints between the 6 indices of F . As a result, there are exactly three independent indices. Hence, F is in fact a map F : G 3 → U (1). In this light, the pentagon identity can be viewed as the statement that F is a 3-cocyle. Such an interpretation is already well known in the study of tensor category theory. The rescaling redundancy involving the product of four f iA,jA,kA comes precisely in the form of an 3-coboundary. As a result, inequivalent F -symbols are classified by H 3 (G, U (1)). We note however that our examples of 6j symbols detailed in the appendix do not span H 3 (G, U (1)). Specifically, it is known that
, but in the case of Z 3 for example, we found only one distinct solutions to the pentagon relations. We believe this is a result of our assumption of the tetrahedral symmetry which has excluded some of the viable solutions. In the case where d i = +1 this is identical to the standard 6j symbols of the Z 3 group, as detailed for example in the appendix in Ref.
13 . Due to our assumption of the reflection symmetry of the tetrahedron, the choice of normalization that fixes the rescaling redundancy above implies further that f ijk is symmetric under exchange of any two indices. To distinguish physically different states, it is therefore convenient to fix this redundancy. In Ref 2 a choice is made such that f ijk is tied to the wave function of the θ graph, i.e.,
Using this relation, and that
we arrive at the normalization condition given in the first equation in (3). We note, however, that the gauge condition fixes only the value of the product f ijk f i * k * j * . This leaves us with further freedom to rescale f ijk , as long as the rescaling is absorbed by f i * k * j * :
We will demonstrate in the explicit example of Z 6 how the residual redundancy should be fixed.
IV. F Z N STRING-NET MODELS
In the following, we will focus on the F ZN string-net models defined on the honeycomb lattice. As reviewed in the previous section, the string degrees of freedom reside on the edges of some lattice. In a F ZN model there are N string types, including type 0, that could live on each edge. These string types are elements of the fusion algebra F ZN . Since F ZN is isomorphic to the group Z N , we can replace the tensor product symbol ⊗ in the algebra simply by the operator +, which is the product of Z N group elements. As such, the conjugate of a string type i can be written as i * or equally as −i. Recall that each edge A is endowed with an orientation, specified by an arrow. In the case of F ZN , therefore, each edge of the lattice could take any integer values modulo N with a chosen orientation. If the orientation is flipped, we have to flip the sign of the value the edge takes, i.e., sending s A → −s A = s * A . As in the previous section, we need to specify the branching rules satisfied by string states residing on edges that meet at a vertex. When all the orientations of the meeting edges are chosen to be pointing toward the vertex, then the branching rule is given by
The quantum dimensions and 6j-symbols relevant for defining local rules and crossing symmetry of the model is studied in the following sub-section.
A. F Z N 6j-symbols and quantum dimensions:
General Properties
To facilitate constructing and gain better understanding of F ZN string-net models, we would like to study the general properties of the F ZN 6j symbols and quantum dimensions, which are the fundamental building blocks of the models.
To begin with, we recall that the 6j symbols are related by the tetrahedral symmetry as given in Eq. (3) and in Eq. (5b). There is a simple rule to determine if two 6j symbols are not related by tetrahedral symmetry. By noting that the number of occurrences of a selfconjugate string type s = s * in the G-symbol (and thus the F -symbol) is an invariant of the tetrahedral symmetry, we conclude that any two 6j-symbols which contain different numbers of self-conjugate string types must not be related by the tetrahedral symmetry.
There are several important properties one could derive using the 2G relation Eq. (6). Non-vanishing 6j symbols are those that satisfy branching rules. To obtain nontrivial constraints following from Eq. (6), i = q, m + l + q = 0 (mod N ), and k * + i + p = 0 (mod N ) always hold; Note also that in the case of Z N , for any given l and p, δ l * n(p+i) * = 1 has a unique solutionn = l + p + i (mod N ) -that gives rise to the only non-vanishing term in Eq. (6), which, by substituting
To avoid clutter, (mod N ) has been omitted but implicitly assumed in all arithmetic of string types appearing in the 6j symbols above and in any subsequent symbols. Consider the special case i = 0 in Eq. (13):
We thus arrive at a product rule of quantum dimensions. Namely,
where
x is applied. There exists a generalization of this product rule to the case where N ijk = δ ijk , which
We do not dwell on this generalization but invite one to the reference 11 , and for a discussion of Z N and specifically Z 3 in 14, 15 . An immediate consequence of Eqn. (14) is that taking l = p * gives:
Hence, all F ZN quantum dimensions are either +1 or −1. Eq. (14) has more information to be extracted. Suppose we demand that l + p = l * (mod N ) in Eq. (14), then it follows that
In other words d p = 1 if p is even in modular arithmetic. For even N , even numbers take on the same meaning as usual. On the other hand, since q = q − N (mod N ) for any q, q − N is even for any odd q when N is odd. As a result, all elements p of Z N satisfy the condition p = 2l
When N is even, odd numbers in Z N are ambiguously defined; hence, in this case, quantum dimensions d i with odd i allow two possible values, ±1. But fortunately, there is no freedom of making independent choices of the signs of these quantum dimensions. The reason is quite obvious, as any two odd numbers, say, two neighbouring ones 2k + 1 and 2k − 1, differ by an even number, then by the product rule Eq. (14), we have
Therefore, we end up with at most two overall choices of the signs of the quantum dimensions that take value in {±1}.
We summarize these important and general results in the following theorem.
Theorem 1 For a F
Thus, only in F ZN string-net models with N ∈ 2Z, there can exist quantum dimensions with a minus sign. Clearly, for any d i ≡ 1, the corresponding v i = ±1, whereas for any d i = ±1, the corresponding v i can take values in {±1, ±i}.
Let us take a closer look at Eq. (13) . By means of the tetrahedral symmetry of G-symbols, namely Eq. (5b), we can turn Eq. (13) into a nicer form as
where we recall that n = l + p + i (mod N ). The uniqueness of the number n in Eq. (17) guarantees that the G-symbol appearing in Eq. (17) can be considered as the canonical forms of F ZN G-symbols, in the sense that any non-vanishing F ZN G-symbol can be casted (by the tetrahedral symmetry) in the form of them. (Note that the G sitting on the right above has the same form as the first except that all string types are conjugated.) To see the significance of Eq. (17) and the canonical forms of G-symbols, we rewrite Eq. (17) in terms of the F -symbols by Eq. (4) and obtain
But by n = l + p + i (mod N ) and Eqs. (14) and (15),
Note that i, p, l are completely independent, and that n was fixed only from branching rules. Therefore, either of the F -symbols in Eq. (18) 
From now on, we shall consider throughout this paper that the Hamiltonian of a F ZN string-net model is Hermitian.
We designate the F -symbol in Eq. (18) the canonical form of F ZN F -symbols. One should note from the last equality in the second row of Eq. (3) that a non-canonical F -symbol may differ from its canonical form by a phase factor. Fortunately, in the case of F ZN , the phase factor is but a sign, as we now show. Take the canonical Fsymbol in Eq. (19) and act on it with the tetrahedral transformation that brings the phase factor:
Since v x = ± √ d x , the phase factor is actually
which is real and merely a sign. Therefore, all of F ZN F -symbols strictly satisfy Eq. (19), and thus live on the unit circle on the complex plane. In this section we are not going to compute the 6j symbols explicitly but leave it for Appendix A, where one will see that some F -symbols are identical to one while some others admit more than one solutions, namely either {±1}; the rest admit still more possibilities which are in general complex and constrained only to have norm one.
B. The Magnetic Flux Operators
Given the knowledge of the F ZN 6j symbols acquired in the previous section and in Appendix A that are responsible for cyclically shifting the string type of an edge A by n-units, n ∈ Z N , by the modular arithmetic e a + n (mod N ). The only non-vanishing components are given by
In particular, Σ 
In other words they also satisfy modular arithmetic. These operators can be constructed simply using the raising and lowering operators of SU (2) . Therefore, we can write the operator form of a generic B s p as
where A ∈ p means all six edges of the plaquette p. In the case where s = 0, it is obvious that
(26)
C. The Hamiltonian
The usual string-net Hamiltonian takes the form
where 
V. THE DUALITY BETWEEN ZN STRING-NET MODELS AND (SPT) SPIN MODELS
In the following, we will explain in detail the duality between general F ZN string-net models on the honeycomb lattice and spin-(N −1)/2 models on the triangular lattice. In the special case where N = 2, the duality has been explained in detail in Ref 5, 16 . As we will explain, however, for N > 2, there are several new elements that are needed. Therefore, we will first begin with an explanation of the general case before illustrating these general principles in greater detail in specific examples.
There are several elements in a string net model that are mapped to the spin model. We will deal with them in several steps in the following sub-sections.
Turning the strings states into spin states
The duality between a string-net model and a (gauged) spin model is one that places the string-net model on a honeycomb lattice and the spin model on the dual triangular lattice. As usual, the string states live on the edges, while the spin states sit on the vertices. By comparing these two models, however, we realize that there is some redundancy in the string net model in specifying both the string type on and the orientation of an edge. Such a redundancy-in particular the orientation-is necessary in describing the crossing symmetry. While we note that the crossing symmetry is indeed a symmetry that preserves the dimension of the Hilbert space 7 , as the intermediate string type n in Eq. (2d) is summed over, it clearly alters the lattice structure. The duality we study here is otherwise defined only for a given fixed lattice structure on both sides of the map. In particular, crossing symmetry necessarily violates the valency of the dual triangular lattice, rendering the duality map ill-defined. A fixed lattice structure on the other hand, is also the situation that is most physically relevant, since any lattices pertinent to experiments are in reality solids whose structure is essentially fixed below their melting points.
Having come to terms with a fixed lattice, thereby giving up the freedom to deform the honeycomb lattice on which the string-net model concerned is defined via crossing, we are then justified in choosing a convention for orienting each edge. Such removal of the orientation redundancy would render the duality map with the spin model most transparent.
One natural way to fixing orientation is to make use of the fact that the honeycomb lattice can be divided into two sub-lattices, L BL and L W H , whose sites are colored black and white respectively in Fig. 2 . Since edges always connect sites of opposite colors, we can uniquely fix the orientation of each edge by requiring that the arrow always points toward a black vertex. Having fixed the orientation globally, we can then assign a unique string type to each edge, which can in turn be interpreted as a spin state. As such, we can remove the arrows on the edges of the honeycomb lattice. In the following we will explain how these spin states can be translated into spin states defined on a triangular lattice. 
Branching rules and the dual spin model on a triangular lattice
The Hamiltonian is chosen to favor energetically the states satisfying the branching rules as specified in the previous section corresponding to the fusion algebra F ZN at the vertices. These branching rules restrict the string types on the three edges that meet at a vertex so that they have to add up to a trivial representation. Now having already fixed the orientation using the convention specified in the previous subsection, the branching rule for F ZN can be stated unambiguously as follows: that the values of the string types on the three edges that meet at a vertex must sum up to zero modulo N , without further reference to orientations. We emphasize again that on the orientation-fixed string-net, crossing symmetry transformations cannot be applied. Now it is time to introduce the relation between the string-net model and the dual spin model defined on a triangular lattice. Particularly, we would like to understand how the duality map relates the Hilbert spaces of the two models. The triangular lattice is the dual lattice of the honeycomb lattice such that each of its vertex resides at the center of a hexagon in the honeycomb lattice (see Fig. 2) . A spin degree of freedom lives on each vertex of the triangular lattice. Two spins J a and J b are adjacent if they are right on the two neighbouring vertices a and b connected by a straight line, which necessarily crosses (perpendicularly) an edge (of string type s a ) of the honeycomb lattice. Now we assign an orientation to this straight line by picking an arrow pointing toward b, and dictate that the duality map is given by
The choice of orientation on different edges of the triangular lattice is not independent. In fact, it has to be chosen such that on every triangle the orientations of the three edges form a closed loop. Since neighboring triangles share an edge, they have opposite orientations. At the center of each triangle is a vertex of the honeycomb lattice. Now it should be clear that the map Eq. (28) ensures that for an arbitrary set of spins on the triangular lattice, the resulting dual set of spins defined on the edges of the honeycomb lattice automatically satisfy the branching rules explained above. Moreover, for every given set of string states on the honeycomb lattice that satisfy the branching rules, there are N different dual states on the triangular lattice. The reason is transparent in Eq. (28): A universal shift of all spins on the triangular lattice by the same value leaves the dual honeycomb string state invariant. The modulo N addition means the map is N to 1. Recall that the string states satisfying the branching rules in the string-net models form only a subset of the full Hilbert space. The Hamiltonian of a string-net model is chosen to ensure that those that satisfy the branching rules are energetically favored. We thus at this point have a N to 1 map between the Hilbert space on the spin model, and the low lying subspace of the Hilbert space of the string-net model. The Hamiltonian of the SPT model is inherited from that of the string-net model built from the sum of magnetic flux operators B p using this map. (The gauged version of which involves only the insertion of a gauge field, to be explained in the next sub-section. ) The N to 1 map therefore immediately implies that a universal shift of all spin states at the vertices of the triangular lattice by the same value modulo N is guaranteed to commute with the Hamiltonian, which is insensitive to such a shift. The spin model therefore enjoys a global symmetry, which we will consider gauging in the next subsection.
Before we move on, let us remark that this duality of the honeycomb lattice with a triangular lattice is well known in the context of topological quantum field theory (TQFT), where the triangular lattice plays the role of a specific triangulation of the two dimensional surface 17 . The construction described above is therefore not special to the fusion algebra F ZN . It is often emphasized that the orientation of the edges of the triangular lattice is chosen such that no closed loop can be formed (see p.30 in Ref 18 ) We note however that our closed loops descends only from a difference in the choice of convention. Our convention is such that the string states connecting each black (white) vertex on the honeycomb lattice are all in-going (out-going), which led to a closed triangular loop as explained above. If instead we choose a convention such that at each black (white) vertex there are two in-coming (out-going) and one out-going (in-coming) string state, the natural orientation of the dual triangular lattice would be such that no closed loop can be formed. The triangulation is closely related to group cohomology 1 , which is not surprising since as already discussed earlier, the structure emerges already in the classification of 6j-symbols.
We now explain how gauging the symmetry that corresponds to the fusion algebra F ZN on the spin model provides a bijection between the complete Hilbert space of the string-net model and that of the dual spin model.
Gauging the dual spin model and counting of states
Consider gauging the spin model on the triangular lattice L △ . This is achieved by introducing to each edge connecting two neighbouring vertices, say, a and b, a gauge field µ ab that takes value in Z N . As a gauge theory, configurations related by gauge transformations are identified. The spins defined at the vertices transform as the fundamental matter in the model, whereas the gauge fields transform as the adjoint field. Each gauge transformation is a set {U a ∈ Z| a ∈ V (L △ )}, where V (L △ ) is the set of all vertices of the lattice. The transformation rule is given by
Note that in order to ensure well-defined modular arithmetic, the combination J a + N −1 2 appears in the definition of the gauge transformation, which is always an integer for any spin N −1 2 . Also, similar to the duality map Eq. (28), the (−) appearing in the gauge transformation for µ ab is assigned according to the chosen orientation on the link. Now it is clear that there are as many gauge redundancies as the number of spin states defined on the lattice sites. Suppose we fix a gauge such that
at all sites a. Then it is clear that each µ ab is in 1-1 correspondence with the string degree of freedom defined on the edge of the honeycomb lattice crossing the link a − b. The map between states in the string net model and those of the gauged spin model is now complete.
The action of operators Bp
The last salient component of the duality map is the action of the operators B s p in the string-net model, where p is a label of the hexagon under consideration, and s is one of the N − 1 nonzero string types.
20 They form the building blocks of Hamiltonians that admit non-trivial ground states supporting anyonic excitations.
Before we proceed, however, we need to understand the general map between operators in the string-net model and those in the (gauged) spin model. As explained in previous paragraphs, every state on an edge of the honeycomb lattice is determined by the spin states on two neighbouring vertices of the dual edge in the triangular lattice, as given in Eq. (28). This mapping, together with the gauge transformation in Eq.(29), suggests that the natural spin operators acting on the spin degrees of freedom would take the form
where ǫ is a label of the spin site upon which the spin resides. i.e., either a vertex, or an edge on the lattice; η x,y,z are spin
representations of SU (2) generators. Therefore we have the following map between spin operators in the string net model on the honeycomb and those of the spin model on the triangular lattice
Let us clarify that the operator Σ z ab on the RHS above acts on the gauge field µ ab on the link connecting vertices a and b. The rest of the notation should be selfexplanatory.
Let us also extend the cyclic shifting operator of string types defined in Eq. (23) to one that acts on the dual spins, Σ ±n ǫ , which cyclically shifts the J z eigenvalue by ±n-units (wrapping around the bottom (top) J z states if |J z ± n| > (N − 1)/2). The only non-vanishing components are given by
These operators share the same properties with those acting on the string states; they can thus also be constructed simply using the raising and lowering operators of SU (2). Gauge transformations defined by the set {U a } are achieved by acting with Σ Consider acting on a vertex a on the triangular lattice with Σ n a . On the dual honeycomb lattice, we denote by p a the hexagon where the vertex a is at its center. The duality map Eq.(28) suggests that this amounts to shifting the spins on each edge A of the 6 edges of p a by Σ σan sa , where σ a = ±1. The sign depends on the assignment of orientation of each link connecting two vertices cutting across the edge A. For instance, we can choose the convention in which σ a takes (+) − signs when the orientation of the edge A on the honeycomb is (counter-) clockwise relative to the vertex a. We therefore have Having laid down the map between the Z N string-net models on the honeycomb lattice and gauged spin models on a triangular lattice for general N , we would like to look into more details of the map in some simple examples. We need to understand the action of B s p in the string net model after orientation has been fixed through the split of the honeycomb lattice into two sub-latices as explained above. Consider a vertex on a hexagon belonging to sublattice L BL labeled black. Like any other vertices, three edges meet at this vertex, two of which with string type e 6 and e 1 belongs to the hexagon under consideration, and a third leg l 1 is external to the hexagon (see Fig. 2 While the amplitude can generally take non-trivial values depending on the specific values of the 6j-symbol, it is important to note the relationship between the primed string types and the unprimed ones.
The branching rules dictate that on a black vertex, 
A. F Z 2 spin and string-net models
The duality is best understood when N = 2. In this case, all the elements are self-dual. This renders the assignment of orientations on the string state entirely redundant. The choice of orientation in the duality map in Eq.(28) also becomes redundant. The spin operators in this case reduce to
where σ z,x ǫ are the usual Pauli matrices acting on spin state ǫ residing either on a vertex or a link.
There are two F Z2 models, corresponding to two different sets of 6j symbols. One is such that all non-vanishing 6j symbols take value unity. In that case, the B 1 p operator and its spin model dual takes the form
where a is the vertex in the triangular lattice located at the center of the hexagon considered on the LHS of the map above.
The other F Z2 model, often referred to as the doublesemion model, whose 6j symbols can take different signs (see appendix), the corresponding B 1 pa operator is given by
where ℓ(p) is the set of the six legs of the plaquette p a in the honeycomb lattice under consideration on the LHS.
VI. Z3 SPIN MODELS AND STRING-NET MODELS
The Z 3 is the next simplest example of the duality which exemplifies some important features that are absent in Z 2 . The most obvious deviation from the Z 2 case is that not all string elements are self-conjugate. This means the full machinery of orientation fixing in the string net model via the split of the honeycomb into two sub-lattices L BL and L WH , and also the assignment of orientation to each link joining two vertices in the dual triangular lattice becomes a necessity. The allowed quantum dimensions and 6j symbols are given in the appendix.
The model retains some simplicity. We observe that the J z matrix satisfies (J z ) 3 = J z . Therefore the spin operator Σ z ǫ defined in Eq.(31) simplifies to
where P 0 and P ±1 are respectively the projectors to the subspaces of states with J z = 0 and J z ∈ {±1}.
In the case where all 6j symbols equal unity, B s p is given by
where the edges of the hexagonal plaquette is split into two groups p − and p + according to our choice of orientation. See Eq. (36).
VII. DISCUSSIONS AND OUTLOOK
In this paper, we hope to achieve three different goals. First, we explored in some detail the solutions of 6j symbols to the pentagon relations particularly for fusion rules given by the Z N group. Given that the study of topological order is a relatively new subject, we believe it is a valuable exercise to supply more explicit details of simple examples that forms the basis of intuition and expectation of the physics of these classes of models. Second, by revisiting the basic features of the 6j symbols, we hope to make more explicit and physically intuitive how their classification is related to the Mathematics of group cohomology, at least in the case where the fusion algebra forms a group. While we later realize that this is a well known fact in tensor category theory, we believe that such a discussion that anchors in a more physical setting is valuable. Nevertheless, we would like to emphasize that such a connection with group cohomology has so far been achieved when the fusion algebra does coincide a group. In the more general situation where a fusion algebra can only be viewed as a hypergroup and where multiplicites N k ij > 1, a general classification of the possible 6j symbols is lacking, and is an open problem in the theory of fusion categories.
Third, we pick up on the trail first opened up in 5, 16 to supply further evidence of the connection between SPT phases and LRE phases. We construct a general map between an SPT phase whose global symmetry Z N is gauged and F ZN string-net models, generalizing the special case explored in Ref 4 of N = 2. It is not hard to see that our map between states in the SPT phase and the string-net model applies also to other (non) Abelian finite groups. It serves as a confirmation that indeed the appearance of H 3 (G, U (1)) in both the classification of these SPT phases 1 and that of the string net models is by no means an accident.
There are many interesting and important problems that should be addressed. One immediate question of interest is to understand the quasi-particle excitations of these F ZN string-net models, and investigate, using the map we have constructed, their relationship with edge excitations of SPT phases. In this paper, as an initial attempt we have focused on 6j symbols that respect the full tetrahedral symmetry, and as discussed in the text, this is a very restrictive choice which excludes possible solutions of the pentagon relations. It would be important to look for more general models that break the tetrahedral symmetries. More fundamentally, it would be of great importance to have a more general classification of these string-net models when the fusion algebra involved does not form a group. We hope to return to some of these questions in the near future.
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For the sake of constructing and understanding the magnetic flux operators B s p discussed in Section, we would like to change the variables in the canonical forms of G-and F -symbols, defined in Eqs. (17) and (18) where the substitutions n * = l A , i = s * , p = e * A , and l + i = e A−1 (mod N ), with the index A running over the vertices of a hexagon, are made in Eqs. (17) and (19). The first equality in Eq. (A2) follows simply from the fact that all v i also have unit norm. The canonical Fsymbol with the new indices in Eq. (A2) plays a key role in manifesting the action of the magnetic flux operators. We now compute the F ZN F -symbols in their canonical form. Equation (A2) shows that a generic F -symbol is a complex number whose norm is one. But some F -symbols are constrained to be real, but can be either ±1, while some others are fixed uniquely to be one, as is to be shown in the following.
According to
transformed into its conjugate by the tetrahedral transformation. This fact indicates that Eqs. (A1) and (A2) are handy for determining the values of the F ZN 6j symbols. We shall rely on Eq. (A1) more because the G-symbols are manifestly symmetric and then obtain the F -symbols from the G-symbols by Eq. (4). We shall compute the canonical F -symbols only for two reasons: First, the non-canonical ones can be obtained from the canonical ones by the tetrahedral transformation; Second, in Section IV B, one can see that the F -symbols that appear in the magnetic flux operators and hence in the Hamiltonians of F ZN string-net models are always in the canonical form.
Let s = 0 in the canonical G-symbols. Then we have
where l A = e A − e A−1 (mod N ) is understood. Clearly, Eq. (A1) is trivially satisfied in this case. The corresponding canonical F -symbols is readily
where Eq. (4) and
are applied. Let us note here that very generally d e * A = d e A since any loop of a given orientation can be smoothly deformed to its opposite orientation on a sphere, and since we define v e A = d e A , which suffers some redundancy, one can impose the convention (A5). This is an important identity, as it shows that the magnetic flux operator B s=0 p ≡ 1 in Section IV B. Instead of setting s to be zero, we can also set either of l a , e a , or e A−1 be zero.
First, let l a = 0, which then requires that e a = e a−1 and renders Eq. (A1) as
where we leave e a and e a−1 unidentified to emphasize their ordering. It is easy to show by the tetrahedra transformation and the equality e a = e a−1 that the two Gsymbols in the equation above are equal. This equation is actually trivially satisfied, as can be checked straightforwardly. Hence, we obtain 
Second, take l a−1 = 0. As such, Eq. (A1) becomes
where e a = l a is understood. This equation is trivially satisfied, as can be verified by the tetrahedral symmetry-that shows the two G-symbols are equaland Eq. (5a). Hence, by Eq. (5a) we have
which takes value in {±1, ±i}, depending on v la , and v s . But the corresponding canonical F -symbol is clearly real:
By symmetry, the canonical G-symbol in the case where l a = 0, equals that in Eq. (A8), namely
however, the corresponding canonical F -symbol turns out to be just unity:
This result can also be obtained from Eq. (A9) by the tetrahedral symmetry and renaming of repeated indices. Yet we list Eq. (A11) as a stand-alone result again for our convenience of constructing the magnetic flux operators. We now check the cases where none of the indices of the canonical G-symbols in Eq. (A1) is fixed to be zero. In particular we look for the cases where the second Gsymbols in Eq. (A1) can be turned into the first Gsymbol in the equation by the tetrahedral transformations, such that the numerical values of the G-symbol can be determined.
First, consider that l A = s * = 0, it follows from the branching rules that s = e A−1 − e A . Hence, also by Eq. (15) 
The corresponding F -symbol is then
which is also real because
Note again that s = 0 is assumed in Eqs. (A13) and (A15); if we demanded that s = 0, the F -symbols reduce to that in Eq. (A7) and is thus single-valued. By the tetrahedral symmetry and possible renaming of repeated indices, we have summarized all the canonical F -symbols that are either strictly unity or admit either solutions ±1, and one notes that they happen to be all real. That said, complex F -symbols can arise when their canonical forms do not constrain s, l a , e a , or e a−1 . Moreover, complex F -symbols do not occur for N ≤ 5, as the cases discussed above are all that can appear for N ≤ 5. In other words, every F -symbol of N ≤ 5 is real. Let us prove this statement.
Recall that we have been dealing with canonical 6j symbols of F ZN , from which all other non-vanishing 6j symbols can be obtained by the tetrahedral transformations. This implies that the various cases of the canonical
s * (e A−1 +s)(e A +s) * , discussed so far in this appendix can be grouped and phrased as the two classes as follows.
1. Any index of the G-symbol is zero. A (e A +l * a ) s * (e A +l * a +s)(e A +s) * and express the conditions leading to the G-symbols not belonging to any of the two classes enlisted above as the following six independent and complete inequalities.
where l a = 0, e a = 0, and l a = e a are assumed. Inequalities (A16) are independent because they cannot derive each other. The point is then to demonstrate that a solution of the string type s that meets all the six inequalities in (A16) given l a and e a exists only for N ≥ 6. This is in fact rather obvious, as in cases where N ≤ 5, there are at most five string types including zero, which are certainly insufficient to give a solution to the six inequalities (A16a) through (A16f).
On the other hand, if N = 6, there are six string types all told, which can solve the six inequalities. Here is an example: Let l a = 1 and e * a = 1, the immediate solution to inequalities (A16) is s = 4, which yields the canonical G-symbol G As N grows, inequalities (A16) have more solutions and thus giving rise to more complex F -symbols. We highlight this result as a theorem. According to the discourse in this section, we may write a generic Z N canonical F -symbol as 
where α n (s, l a , e a ) is a function of s, l a , and e a with subscript N . Therefore, the results in this section can be summarized as the following equation.
which are true for all N and are all that can happen in cases where N ≤ 5. When N ≥ 6, we are lack of further constraints on the function α n (s, l a , e a ) and shall leave it as a free parameter of the model. As aforementioned, the fusion algebra F ZN can be shared by some other (quantum) groups; therefore, each set of solutions to Eqs. (3) shown in this section may be the F -symbols of one of these groups. Since notationally we based the algebra F ZN on Z N , one may want to obtain the Z N F -symbols more explicitly, which are derived from another point of view in the following subsection.
ZN F -symbols from 3j symbols
In this appendix, we show that the F -symbols of the group Z N are all unity by deriving them from the 3j symbols of Z N . For the sake of generality, we consider the irreducible, projective representations of Z N , which are one-dimensional and can be labeled by integers 0, 1, 2, . . . , N −1. Let j = e iϑj be the j-th element in the projective representation labeled by ϑ, such that ϑ j is the phase associated with j. Since the Z N fusion rule is j ⊗ k = j + k (mod N ), we would need to equate e iϑj e iϑ k = e i(ϑj +ϑ k ) and e iϑ j+k ; hence, the 3j symbols of
which indeed complies with the fusion algebra:
Now we can construct the 6j symbols, i.e., the F -symbols from the 3j symbols by the associativity of tensor products, namely,
Let i ⊗ j = m and j ⊗ k = n. Then in terms of the projective representations and 3j symbols, the LHS and the RHS of the above equation are respectively
which are already equal. Therefore, we have for Z N ,
Since we would like this paper to serve as a concise review of and reference to string-net models, in this Z 3 example, we shall compute the 6j symbols as if we did not have the general results of Z N obtained in the previous section but do so by naively following the first principles of computing 6j symbols. In subsequent sections where Z 4 , Z 6 are studied, we shall directly list the nonvanishing G-and F -symbols acquired by applying the general results in the previous section.
In the case of Z 3 , the branching rules are {0, 0, 0}, {0, 1, 2}, {1, 1, 1}, and {2, 2, 2}. We are looking only for the non-vanishing F -symbols. We study this in two cases, where the string type m of the horizontal edge on the LHS of Eq. (2d) is respectively 0 and 1. There is in fact a third case, i.e., m = 2; however, since 2 = 1 * , the corresponding F -symbols can be obtained from those in the case m = 1 by either complex conjugation or tetrahedral symmetry. 
In view of the branching rules, j 1 , j 2 , j 3 , and j 4 can take only these values: (1, 2, 1, 2), (1, 2, 2, 1), (2, 1, 1, 2), and (2, 1, 2, 1). The latter two are obviously the conjugate of the former two, we thus need only to study the former two options. Hence, accordingly, the string type on the vertical edge on the RHS of Eq. (A21) must be m = 0 for (1, 2, 1, 2) and m = 1 for (1, 2, 2, 1), which give rise to non-vanishing F -symbols respectively, namely F 
where the last equality is due to Eq. (5a). There is but one more nonzero G-symbol by definition: G 000 000 ≡ 1. The value of v 1 , the square root of the quantum dimension, can now be determined by the 2G relation Eq. (6) as follows. Let us set i = q = 0 in Eq. (6) , which then requires m = l * and k = p by the branching rules. Choosing l = k = 1, Eq. (6) becomes
where use of Eq. (A24) is made in the first equality. Equations (A22), (A24), and (4) yield the following nonvanishing F -symbols, which are grouped by their values instead of the tetrahedral symmetry. 
All the F Z3 F -symbols are thus real, which is why in this case an F -symbol and its conjugate are related by the tetrahedral symmetry. The choice that F ≡ 1 gives the F -symbols of the group Z 3 .
F Z 4 6j symbols
The F Z4 string-net model bears four string types, i.e., 0, 1, 2, and 3, and the branching rules {0, 0, 0}, {0, 1, 3}, {0, 2, 2}, {1, 1, 2}, and {2, 3, 3}.
We first collect all the non-vanishing G-symbols, grouped by the tetrahedral symmetry. where
We gather the unity F -symbols in the equations below. 
F Z 6 6j symbols
We shall forgo the search of F Z5 6j-symbols but record the F Z6 6j symbols in this section, as F Z6 is the simplest case where the three edges incident at a honeycomb vertex can have three different string types that are nonzero and not dual to each other. As proven before, this is the first case where complex F -symbols may arise.
There are six string types, including type zero. The branching rules are {0, 0, 0}, {0, 1, 5}, {0, 2.4}, {0, 3, 3}, {1, 1, 4}, {1, 2, 3}, {2, 2, 2}, {2, 5, 5}, {3, 4, 5}, {4, 4, 4}. Clearly, only 0 and 3 are self-conjugate.
There are two independent sets of real 6j symbols where none of the index takes value zero, each set generated by the tetrahedral symmetry.
The first set have two independent choices of signs that cannot be constrained by hermiticity of F , or any 2G or the full pentagon relations. 
Note that the sign of this set is tied to that of d 1 from the full pentagon relations. A second fact to note is that the indices of each column is either both even, or both odd. Therefore the resulting F symbols are real. However, if d 1 = d 3 = −1, the resulting F symbols can take either signs, depending on the indices on the last column, and the relative sign of v 1 and v 3 .
Finally, we have two sets of complex G's that cannot be related by tetrahedral symmetry, but whose values are related via pentagon relations, or equivalently the hermiticity of the F symbols.
The first set is The constraint is given by
This means that the two sets are complex conjugates of each other only if we take d 1 = +1. Note that since we have only two even elements which are related by conjugation at N = 6 i.e. 2 and 4, the complex G's listed above, whose indices in each column are not equal nor conjugates of each other must be such that one is even, and the other odd. This is what led to the weaker constraint in Eq. (A31), rather than the stronger one where the rhs is strictly equal to plus one that would generally follow from Eq. (A3).
A second fact is to notice that one can further separate the G symbols into two classes within each of the real and complex classes described previously.
For class (A), any given column has both indices taking even (or odd) values. In which case, the indices in each of all the rest of the columns would also either be both even or both odd.
For class (B), one index is even and the other is odd in a given column. That however implies the same is true for the rest of all the columns. These are simple results following from the branching rules.
These two different kinds of G symbols cannot be related by tetrahedral symmetry. Therefore the product d l A d s appearing in Eq. (A3) can only be +1 in class (A), and −1 in class (B).
It further implies that complex G's falling into class (B) are such that each component and its Hermitian conjugate are related by tetrahedral symmetry. These kind of G's only appear beginning at N = 8.
Gauge fixing
In the previous section where the 6j symbols corresponding to F Z6 fusion rules were studied, we have seen that there is a continuous phase parameter α that cannot be determined from the pentagon relations. One observation here however, is that suppose one consider further rescalings where f ijk →f ijk = f ijk e iθ ijk , and similarly f i * j * k * →f i * j * k * = f i * j * k * e −iθ ijk , the two groups of real G symbols, with representatives G 435 411 and G 453 453 respectively, are invariant. This is true provided of course that f ijk is symmetric in all the indices as is already assumed in our solution of the 6j symbol satisfying reflection symmetry. We note also that the residual rescaling transformation on G is identical to that of F given in Eq. (8) .
On the other hand, when we inspect the rescaling of the two sets of complex G's, represented respectively by G 
we automatically have G In fact, discrete sets of F -symbols can also be equivalent up to rescaling, e.g., the +1 and −1 F Z3 F -symbols are rescaling equivalent. But we shall offer definite answer to the question which F ZN F -symbols belong to the same equivalence classes elsewhere.
